We derive a necessary and sufficient condition that an isomorphism between the endomorphism rings of modules be induced by a semi-linear isomorphism of the modules. We require that at least one of the modules contain a non-zero free summand, generalizing work of Xu, who required both modules to be free.
Introduction
Xu in [6] derived a necessary and sufficient condition that an isomorphism between the endomorphism rings of free modules be induced by a semi-linear isomorphism of the modules.
In this paper we generalize this result to any pair of modules, at least one of which contains a non-zero free summand (Theorem 2.1). Our proof utilizes an earlier result which we state and prove as Lemma 1.2.
Definition and preliminaries
All rings have identity elements. The left unital module A over the ring F will be denoted (F, A) and its endomorphism ring (operating on the right of A ) will be denoted E(F, A), or simply E. The right E module A is denoted (A, E). The statement that (F, A, E) is a bimodule indicates that A is to be considered as a left F module and a right E module. A summand of A which is free on one generator will be called a "point" of A . If A has a point Fa, then A = Fa © K and we have an associated idempotent e in E(F, A) defined by ae = a, Ke = 0.
The arguments of Baer [1, Proposition 5, p. 176] with minor modifications can be used to prove: Lemma 1.1. If (F, A) contains a point, and e is an associated idempotent, the bimodule (F, A, E) is isomorphic to the bimodule (eEe, eE, E) in the sense that: (1) there is a semi-linear isomorphism (p, y) of the left modules (F, A) and (eEe, eE). (2) y is an E-isomorphism of the right modules (A, E) and (eE, E).
The following result is the key to relating module and endomorphism ring isomorphisms, when at least one of the modules contains a point. Its proof is implicit in section 4 of [2] . See also [ Conversely, for any point of A, let e be an associated idempotent. By Lemma 1.2, Be* is a point of B. Put f = e*, and (1) and (2) are obviously satisfied.
